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All the representations of the group of n-braids by transitive permutation 
groups of n letters were determined by Professor E. Artin. In his paper [I], 
he proved that, for n # 4, 6, the “natural” representation and the trivial 
representations are the only transitive representations (unique up to inner 
automorphism). In this paper the following statement appears: “It is not very 
surprising that the proof uses the existence of a prime between n/2 and n - 2 
for n 3 7, but it would be preferable if a proof could be found that does not 
make use of this fact.” This paper contains such a proof. 
The group of n-braids will be denoted B, and its generators by o, , 
c2 ,..., a,_, , satisfying the relations: 
(sPi+lui = oi+l”i*i+l > for i= 1,2***n--2, (1) 
ails* = lJ*ag ) for Ii-i/ # 1 (2) 
Let X : B, -+ S, be a representation of B, into the permutation group of 
1z letters which is transitive. The bulk of the proof will be to show that for 
all i, X(a,) is a transposition, and from this will follow that after a suitable 
relettering of the digits we have h(uJ = (i, i + 1) for all n # 4, 6. This 
representation is called the “natural” representation because geometrically ai 
is the braid which contains the crossing of the i and (i + l)th strings and 
leaves all others fixed. In short, this representation just describes where the 
strings starting from points Pr , P, -1. P, end, and does not distinguish 
between braids with different internal knottings [I]-[3]. 
The proof is divided into two parts. 
PART I 
Let D = (qo, *** CT,_,). We can easily derive that: (ui+J = D(uJD-l and 
(CTJ = Di-l(~,)D1-i. Let d be the smallest positive integer such that 
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(A( = 1. Since all the h( CJ J ‘s are conjugate, d is fixed for all i. We now 
assume that d # 2 and will, by demonstrating that this implies that h(B,) 
contains at least 2”e3(n - 3)! distinct different elements, conclude that for 
sufficiently large n, d = 2. 
We first need the following two lemmas which are both due to Artin, [I]. 
LEMMA 1. If for some i, h(aJ commutes with h(ai+,) then h(B,) is cyclic and 
X(q) is an n-cycle. 
Proof. From h(uiui+rui) = h(~~+~u~u~+r) we have h(uJ = h(cri+J and 
from X(oi+J = h(D)h(u$(D-l) we get that h(D) and h(crJ commute. Since 
conjugation by h(P) gives all of the X(U~) they are all equal. That h(ui) is an 
n-cycle follows from the transitivity of A(&). We exclude this trivial case 
from now on. 
In [I] Artin proves that h(D) is an n-cycle. Therefore, if an element 01 of 
X(&J commutes with X(D) it is of the form h(P) for some h. Therefore h(B,) 
can have no center since if it does then h(u*+J = h(PuJP) = X(ur) for 
some h dividing n. 
LEMMA 2. For a # 4 the h(q) are distinct. 
Proof. The statement is trivial for n = 2 or 3. Let therefore n > 4. 
Assume h(u,) = A(uJ and j > 1, (by conjugation with X(0-l) we can reduce 
the general case to this). If j < n - 2 conjugation of both sides with h(D) 
gives h(u,) = h(u,+,). But X(U$+~) commutes with h(u,) and so then would 
h(u.J, which is the case just eliminated. If j = n - 1 and n - 1 > 3, then 
h(u,) and h(~,+~) = h(u,) would commute, again ruled out. 
To continue the construction of different elements of h(&) we need to 
introduce the following braids. Let bi be the braid which contains the crossing 
of the string from PI to Q1 over the string from Pi to Qr while the other 
strings go from Pj to Qj behind these front two strings. Let pi = A(&). 
In terms of the ui we have Pi+1 = h(urua *** U~U&J& a** UT’), as can be 
determined from diagram 2. 
Diagram I: b, Diagram 2: b, 
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Too many of the A(,,) commuted with each other to easily find different 
elements of A(&). Not only don’t /?i and Pi+1 commute but no two permuta- 
tions of the 8s **a /I+, can be equivalent as can be seen from the following 
lemma. 
LEMMA 3. If X(a,Au;l) = h(B) where A and B are expressions involving 
only al , us ,..., uxpl then X(A) = h(B), for x < n - 1. 
Proof. For this proof we need the following relation: 
u ua x x+Px 
-1 = u-1 u 0, 
2+1 z x+1' 
This comes from the first relation stated for the al’s (1) by multiplying on 
the right by u;l and on the left by a& and raising both sides to the a-th 
power. A and B both commute with a,,, . 
= h(~~lu~+lu~Au~lu~,u,) 
= h(~~~u~+~Bu;~p~) 
= h(u;lBu,) 
= h(A). 
We can now demonstrate the existence of (n - 2)! different distinct 
elements in h(B,J. 
LEM~MA 4. If a, , a2 ,..., a,-, and cl , c, ,..., c,,-, are different permutations 
of the numbers 2,3,... (n - 1) then 
Proof. The proof is by induction and is trivial for n < 4. /?,+, is going 
to be the only term with a factor of h(u,-a). An equation of the form /&,& **a 
B an--p = A,&, *** A,-, can be rewritten as h(u,.+,)Ah(u&) = B where A 
and B are products of ui and u~l where i < (n - 3). The expression has this 
form since &a is just a conjugate of h(u,,) by a product of h(uJ’s where 
i < (n - 3). By the previous lemma we know that A = B and by the 
inductive hypothesis this means that if /3+, were deleted from both sides of 
the formula, it would be an identity; i.e., the same fli would occur in the 
same order and so for A to equal B, aj must equal cj for all j. 
We have just demonstrated the existence of (n - 2)! different elements 
in h(B,J, and will increase this number significantly with the following lemma. 
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LEMMA 5. If A(o,Aa,) = h(B) h w ere A and B are expressions involving 
only a, , (32 ,..., uzpl then h(A) = h(B), where x < n - 3. 
Proof. The proof is given in several steps. 
Step 1 : As before, 
by manipulation of the relation u,u,+~, = u~+~u~u~+~ we can rewrite the 
left-hand side of the above equation by: 
U u-2u 2 -2 z+l n Z3-1'TCZ uz+l"zus+l' 
giving: 
h(gu;~,B-lgl) = h(u~p-1). (5) 
Therefore h(u,) commutes with X(u$B). 
We now note that statement (3) is of the same form as the hypothesis with 
(x + 1) in place of x, and (uJu;l) in place of A and (uJ3u;r) in place of B. 
So we also have a statement corresponding to conclusion (5); i.e., that 
A(u,+~) commutes with X(a~~,u,Bu;l). But, X(U;~~U,BU;E’) = X(U&,~A) 
and since h(u,+,) already commutes with h(A), we have that X(U~+,) commutes 
with X(U,~U;Y~). 
Step 2 : 
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So we have derived that when we conjugate h(uzu&) by h(u$) we get its 
inverse X(u2u2+a) . q -r -1 S uaring the last equation we get: 
“bJ&(~~~&)“~~,,> = “bzu,;2)-2 
but X(u,+J commutes with A(u,u;~,)~ which means 
“k&(~~~,-:J”~J+J = +p&)2. 
This means that A(u,u,+~ W-1 )* = 1 or that X(uz4) = X(U~+~). Conjugation with 
D2 gives A(u,-~)~ = X(cr.J” and so A(u,+~)~ commutes with h(u,+r) and with 
A(u,+~) [if it exists] since h(u,-,)4 does. So h(a,+J4 commutes with all elements 
of A(&) and is therefore 1. Since all the A( u ‘s are conjugates they all satisfy J 
X(U~)~ = 1, and in particular A(uj)” = X(U$)-~. 
Step 3. We now have that X(uz+J commutes with A(u~~u~+~). 
Yuz+p,2u:+2u&) = %3:+2), 
~(+%+1~,“) = +:+2u,+l<+,)Y 
wJ,c2~~+*%2%+l) = W+2uz+1u~+2uz+J 
~(~~~;F+l(J2~~+1~~~~+l~ = 4u z+2~cz+1uz+2ur+1ucc+2u~+l ' 1 
%JS'JS+J3 = G~+2uz+J3 (6) 
In the Braid group we have, from (l), that (u$u~+~)~ = (u,+,u&~, and 
(u~+~u~)~ commutes with both (uZfl) and (u,J. So relation (6) implies 
(7) 
Using relation (7) we can rewrite (4) as 
h(u;l) = X(B-lgI3) 
X(u;lBu;l) = X(B) 
X(A) = h(B). Q.E.D. 
Now we have the following lemma similar to lemma 4. 
LEMMA 6. If a, , u2 ,..., ame and cl, c2 ,..., c,, are permutations of the 
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numbers 2, 3 ,..., (n - 2) and if r, , r2 ,..., rnp3 and s1 , s2 ,..., sne3 are each 
either *I then 
Proof. The proof is identical to the proof of lemma 4 except that when /$ 
appears on each side with a different exponent lemma 5 is used instead of 
lemma 3. 
We now have demonstrated the existence of 2”w3(n - 3)! different distinct 
elements in A(&) which is contained in S, which has n! elements. We did 
this assuming that d + 2. We thus have the following theorem. 
THEOREM 1. For su$L+ntly large II, d = 2. 
PART II 
In this part we will show that adding only the relation h(u# = 1 restricts 
the representation to the natural one. This will be done by showing that all 
pure braids (i.e., those that have strings connecting points Pi and Qi for all i) 
lie in the kernel of A, and then observing that B,I J is isomorphic to S,, , 
where J is the subgroup of all pure braids. 
LEMMA 7. If j is a pure braid then h(j) = 1, 
Proof. h(aJ2 = 1 means h(q) = h(u;r) which means that at a crossing 
where two strings intersect it does not matter which crosses over which. 
So we can examine the two dimensional diagram for j and change the crossings 
in such a way that the string connecting PI and Qr will cross over any string 
it intersects with. There exists, therefore, a diagram for-j in which thel-string 
does not intersect any other string and is a straight line [see diagram 31. 
QI Q2 Q3 Q, 
Diagram 3: To show that X(j) = I 
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We can then do the same for the 2-string and all the others so that j is 
equivalent to the identity braid. Therefore h(j) = 1. 
LEMMA 8. Bn/ J is isomorphic to S,, . 
Proof. This is fairly obvious since two braids are equivalent in Bn/ J iff 
they take PI, Pz ,..., P, into the same order of Qr , Qs ,..., Qn (since if they 
do b&l is a pure braid). The equivalence classes are permutations on 
n symbols and the lemma follows. 
From Lemma 8 we see that h is a map of B,/ J M S, onto S,, since it has 
more that two elements in the image, and it is the identity determined up to 
an inner automorphism (relettering of symbols). h therefore takes the braid oi 
into a transposition. 
THEOREM 2. After a suitable relettering of the digits we have h(q) = 
(i, i + l), n su$%Gntly large. 
Proof. Without loss of generality we can assume that h(u,) = (1,2). 
Then since h(us) does not commute with it we can call it (2, 3) and so on. 
For n = 6 there is an outer automorphism of S, which allows h(oJ not to be 
a transposition even though it is of order two. The statement “sufficiently 
large” above can be changed to “n # 4 or 6,” with a little extra calculations 
for the cases n < 13 all the work having been done by lemmas 3 and 5. 
The interesting representations for n = 4, 6 can be found in [I] and are not 
given here. 
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